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__ , Abstract 

oo ; 

Using Margulis's results on lattices in semisimple Lie groups, we prove the Grothendieck- 
r^ , Katz p-Curvature Conjecture for certain locally symmetric varieties, including the mod- 

.^^ I uli space of abelian varieties Ag when g > 1. 

2 ■ 1 Introduction 



In this paper we prove certain cases of the well-known p-curvature conjecture of Grothendieck- 
Katz stated below. The conjecture posits that one can deduce algebraic solutions of certain 



CN ! differential equations when one has solutions after reducing modulo a prime for almost every 

prime. Our main purpose is to point out that rigidity theorems from the theory of discrete 
subgroups of Lie groups can be fruitfully applied to this problem. 

More precisely, let X be a smooth connected variety over C and V a vector bundle on 



o. 

00 , X equipped with an integrable connection V. Then there is a finitely generated Z-algebra 

R C C such that X arises from a smooth i?-scheme and (T^, V) descends to a vector bundle 



with integrable connection on this i?-scheme. We will again denote by X and {V, V) the 
corresponding objects over R. 

For any maximal ideal p of R, we can reduce modp to obtain a differential equation 
{V/pV, V) on a smooth scheme over a finite field of characteristic p > 0. Attached to this 
system is an invariant, the p-curvature of {V/pV, V), which is an Ox-linear map 

i;p{V, V) : Der(Ox ^ R/p, Ox R/p) ^ Endox (^/P' ^P) 

where Per denotes the sheaf of derivations. The map ■0p(y, V) vanishes precisely when 
(y/py, V) has a full set of solutions, i.e. when V/pV is spanned by its subsheaf of horizontal 
sections. 
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Conjecture 1 (Grothendieck p-Curvature Conjecture). Suppose that for almost all maxi- 
mal ideals p of R, the p-curvature of (V/pV, V) vanishes. Then the (complex) differential 
equation (V^, V) has a full set of algebraic solutions, i.e. it becomes trivial on a finite etale 
cover of X. 

The truth of the conjecture does not depend on the choice of R (see §IV of |Ka3j ) . 

Katz ( [Kalj . Theorem 13.0) showed that the condition on p-curvatures imphes that 
(y, V) has regular singular points. The Riemann-Hilbert correspondence then implies that 
the conclusion of Conjecture [1] is equivalent to asking that the monodromy representation 
p : 7ri(X(C)) -^ GL(n, C) associated to (V^, V) have finite image. In the same paper, Katz 
showed that if the p-curvatures vanish, and X ^^ X is a smooth compactification with X\X 
a normal crossings divisor, then the local monodromy of (V^, V) around a divisor at infinity 
is finite. 

Katz also made the following more general conjecture, which describes the Lie algebra 
g of the Tannakian Galois group Ggai of (y, V). Recall that if K{X) denotes the function 
field of the i?-scheme X, then Ggai is an algebraic group over K[X), and g is a Lie algebra 
over K[X). As above one can "reduce" g modulo almost any prime of R. We then have 

Conjecture 2 (Katz). With the notation of Conjecture^ g is the sTnallest algebraic Lie 
subalgebra of Endox^ '^ ^i^) such that for almost every prime p of R, the reduction of g 
modulo p contains the image of tppCV/pV^V). 

Let p : 7ri(X(C)) —>■ GL„(C) be the monodromy representation of (y, V). When {V,V) 
has regular singular points, g is essentially (up to change of base ring) the Lie algebra of the 
Zariski closure oi p{tti(X{C))). Thus Katz's conjecture describes the topological monodromy 
in terms of p-curvatures. 

Katz proved that for any X, Conjecture [1] is true for all {V, V) on X if and only if 
Conjecture [2] is true for all {V, V) on X. For any particular (V, V) one knows only the 
obvious implication Conjecture [2] =^ Conjecture [TJ 

Yet another result of Katz jKa2J says that Conjectured] is true when (V, V) is a Picard- 
Fuchs equation [^ or a suitable direct factor of one. Under some conditions, this result 
was extended by Andre to {V, V) in the Tannakian category generated by a Picard-Fuchs 
equation [An, §16]. 

Following work of the Chudnovkys, Andre [An] and then Bost [Bo] proved both conjec- 
tures in the case when the monodromy representation is solvable. So far there have been no 
examples of varieties X with nonabelian fundamental group, for which the full conjectures 
are known. In this paper we give such examples; namely, we prove that the conjectures hold 
for many locally symmetric varieties. 



^That is, {V, V) arises from the de Rham cohomology of a smooth X-scheme. 



Recall that the set of complex points of a locally symmetric variety has the form M = 
T\G{Ii)~^ /K, where G is a connected, reductive, adjoint algebraic group over Q, G(R)^' C 
(jr(R) denotes the connected component of the identity, K C G(R) is a maximal compact 
subgroup of G with G(R,)/K a Hermitian symmetric domain, and T C G'(Q) n G(R)''' is an 
arithmetic subgroup. 

Note that since G is an adjoint group, we have G = Gi x • • • x Gm with each Gi adjoint 
and Q-simple. 

Theorem 3. Let M be a locally symmetric variety, as above, and suppose that each factor 
Gi has Q-rank > 1, and R-rank > 2. Then the Grothendieck-Katz conjecture holds for any 
(y,V) overM. 

Note that Theorem [3] omits the case when M is a curve, a case which would imply (by 
standard methods) the full Conjecture [2j The proof of the theorem combines Katz's result 
on local monodromy with the Margulis normal subgroup theorem. 

Symmetric varieties are naturally equipped with a collection of variations of Hodge 
structure (see §3 below for a more precise discussion). The underlying vector bundles with 
connection of these variations of Hodge structure form an interesting class of examples to 
which Conjecture [3] may be applied. In this case the Lie algebra g in Conjecture [2] is a factor 
of Lie G. We refer to these bundles as automorphic bundles. 

Using Margulis super rigidity, one can show that essentially any {V, V) on M with regular 
singular points is a direct summand of an automorphic bundle. Combining this with Andre's 
extension of Katz's result on Picard-Fuchs equations, allows us to give another proof of 
Conjecture [5] in the case when G has no Q-simple factors of exceptional type. 

2 Proof of the main theorem 

2.1 Toroidal compactifications 

As above, let G be a connected, reductive, adjoint group over Q, and let K C G(R)"'" be 
a maximal compact subgroup such that D = GiYi)'^ / K is a Hermitian symmetric domain. 
Let r be a torsion-free arithmetic subgroup in G(R)+ n G(Q), and let M = r\G(R)+/K 
be the corresponding locally symmetric variety. 

We recall the theory of toroidal compactifications for locally symmetric varieties [AMRTj . 
Such a compactification M D M is a projective variety admitting M as a dense open 
subset. The identity map extends to a (unique) continuous map from M to the Baily- 
Borel compactification. By construction the boundary M \M is a union of non-empty 
closed subsets indexed by maximal parabolic subgroups G which are defined over Q. 



The toroidal compactification is not unique; but depends on a choice of combinatorial 
data. This data can always be chosen so that the complement M is a divisor with normal 
crossings. A loop in M around an irreducible component of M \M corresponds to a 
non-trivial unipotent element in F (see |AMRT] . Ill, §5, Main Thm. I). 

2.2 Proof of Theorem H 

First we may replace F by a finite index subgroup, and assume that F has the form Fi x 
• • • X Tm where Fj C Gj(Q) n Gi(R)"^ is an arithmetic subgroup. To prove the theorem it 
suffices to prove the analogous result for each Gj. Replacing G by Gj, we may assume that 
G is Q-simple. 

By the result of Katz ( [Ka3] . Thm. 10.2) already mentioned above, it suffices to prove 
Conjecture [U for an arbitrary vector bundle with integrable connection {V, V) on M. Thus 
we may assume that the p-curvatures of (V, V) vanish for almost all p. 

Now consider a smooth toroidal compactification M of M, such that the boundary 
M \M is a normal crossing divisor. Since the Q-rank of G is > 1, G has a parabolic sub- 
group defined over Q and the boundary is nonempty. Let 7 S F be an element represented 
by a loop around an irreducible component of M \M. Then 7 is a nontrivial unipotent 
element, and in particular has infinite order. 

According to [Kal], Thm. 13.0, since the p-curvatures of (V^, V) are almost all 0, the 
local monodromy groups of (V, V) around the components of M \M are finite groups. In 
particular ^(7) has finite order and the kernel of p is infinite. 

Now since the Q-rank of G is > 1, G(R) has no compact factors. Since G is Q-simple, 
F C G(R) is an irreducible lattice in a real semisimple Lie group of real rank at least 
2. These properties of G and F imply that we can apply the Margulis Normal Subgroup 
Theorem ( [Maj . IX, 6.14), which states that any normal subgroup of such a lattice is finite 
and central or has finite index. Since ker(/9) < F is infinite, it follows that ker(/9) has finite 
index in F, i.e. that p(F) is finite, and we are done. D 

3 Automorphic bundles and superrigidity 

3.1 Automorphic bundles 

Let G, M and F be as in the introduction, and let G be a connected reductive group 
over Q with G^ = G. Recall that there is a unique G(R) conjugacy class of cocharacters 
/i : C^ ^ Cr(R) such that the centralizer of h in G(R) is compact. Fix such a cocharacter, 
and suppose that h lifts io h : C^ — > G(R). 

Attached to any representation of G (defined over Q) there is a canonical variation of 



Q-Hodge structure on M [De, 1.1.12]. In particular, a representation of G gives rise to 
an algebraic vector bundle on M equipped with an integrable connection, having regular 
singular points. We call a vector bundle with connection arising in this way an automorphic 
bundle. 

For example, if M is (a component of) a moduli space of principally polarized abelian 
varieties, and G is a general symplectic group equipped with its standard representation, 
then the corresponding automorphic bundle arises from degree 1 cohomology of the universal 
family of abelian varieties over M. 

Theorem 4. Let G he Q-simple with Tl-rank > 2, and Q-rank > 1, and (V, V) a vector 
bundle with connection on M having regular singular points. Then there exists a finite 
covering M ^ M such that the restriction of (V, V) to M is a direct summand of an 
automorphic bundle. 

Proof. We will write Gr for G viewed as an algebraic group over R. 

Since {V, V) has regular singular points it suffices to show that its associated monodromy 
representation is a direct summand of one attached to an automorphic bundle. Let p : F ^ 
GL„(C) denote the monodromy representation of (F, V). Viewing C as an R-vector space, 
and replacing n by 2n, we may assume that p factors through GL„(R). 

Now let G"^°'' denote the universal cover of G. After replacing F by a finite index subgroup, 
we may view F as a subgroup of G"^*^''. Moreover, we may assume that p factors through 
SL„(R). By Margulis superrigidity [Wi, §12. A, Ex 8], after again replacing F by a finite 
index subgroup, paig is induced by a map of algebraic R-groups /Oaig : G"^^ -^ SL„ . 

Let Z = ker((5'^'^'" -^ G) be the center of G^^^ . Choose a Q-torus T, and an embedding 
of Q-groups Z ^^ T. Let -fC/Q be a quadratic imaginary extension, and set 

where Rk/q denotes restriction of scalars from if to Q. Then h : Rc/RGm —^ Gr, lifts to 
G. Fix such a lifting. 

Let G ^-1- GL{Wq) be a faithful representation on a Q-vector space Wq. Then Wr = 
Wq ^q R is a faithful representation of G^'', so Paig is a direct summand of a G^''- 
representation of the form W^'^ (g) W^'"'', where W^ denotes the dual of Wu- Then the 
composite 

r^Gd«'-(R)''-^^SL„(R). 

is the direct summand oi W^'^ (SiW^"^ , whose complexification is a representation associated 
to an automorphic bundle. D 



We can use the argument in the above proof together with Andre extension of Katz's 
result on Picard-Fuchs equation to give another proof of the main theorem when G has no 
factors of exceptional type. 

Andre's theorem says that Conjecture [2] holds when {V, V) is in the Tannakian category 
generated by a Picard-Fuchs equation attached to a smooth projective morphism / : y — > X, 
provided one of the fibres Y^ of / has a connected motivic Galois group. Andre defines this 
group using his theory of motivated cycles. Here we remark only that when / is a family of 
abelian varieties, the motivic Galois group is equal to the Mumford-Tate group of 1^, and 
hence is connected [An, 16.2, 16.3]. 

Theorem 5. Suppose that G is Q-simple with R-rank > 2, and Q-rank > 1, and assume 
that G is of type A, B, G, or D. Then the Grothendieck-Katz conjecture holds for any (V, V) 
on M. 

Proof. Let G^^^ be as in the proof of the previous theorem. Since we may replace F by a 
finite index subgroup we may assume that F C G (R), as before. 

Let (V, V) on M have vanishing p-curvatures for almost all p, and p the corresponding 
representation of F. As above, we may assume that p is induced by a representation /Oaig of 
the real algebraic group G*^^"". Let Vq denote the underlying complex vector space of /Oaig, 
and decompose Vc as a sum of representations on each of which the center Z C G'^'^'^ acts 
via a character. It suffices consider each summand individually, so we may assume that 
p{Z{C)) consists of scalars. 

For any (7 > 1, let Tig denote Sp2„(R) modulo a maximal compact subgroup. The 
condition on the type of the Q-simple factors of G implies ( [Dej §1.3) that for some 5 > 1, 
there exists an arithmetic subgroup F^ C Sp2g(R), a finite index subgroup F' C F, and a 
map of complex varieties 

F'\G(R)/K ^ Tg\Hg 

such that the corresponding map on fundamental groups F' -^ Tg is induced by a map of 
Q-groups G'^^^ -^ Sp2g with finite central kernel. 

Let VFq denote the representation of G'^^'' which is induced by the standard represen- 
tation of Sp2g . Then Wq is attached to an automorphic bundle (VF, Vw) which arises as 
the cohomology of a family of abelian varieties on M. Hence by Andre's result, mentioned 
above, the Grothendieck-Katz conjecture holds for all bundles in the Tannakian category 
generated by (W, Vvi/)- 

Now the bundle (EndV^, Vgj^jy) has regular singular points, and the corresponding 
monodromy representation Endp factors through G, as Z acts on Vc via scalars. Hence 
Endy is in the Tannakian category generated by (VF, Viy). It follows that (End/3)(F) is a 
finite group, and replacing F by a finite index subgroup we may assume it is trivial. 

6 



It follows that r acts on Vc by scalars, and hence so does G'^°'', as T is Zariski dense in 
G'^^'^ . As the latter group is connected and semisimple, we conclude that T acts trivially on 
Vc. □ 
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